
P❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ✈❡rs✉s ❣❡♥❡r❛❧✐③❡❞

❧❡❛st sq✉❛r❡s r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❧✐♥❡❛r ♠✐①❡❞

♠♦❞❡❧s

❉♦✉❣❧❛s ❇❛t❡s

❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s

❯♥✐✈❡rs✐t② ♦❢ ❲✐s❝♦♥s✐♥ ✕ ▼❛❞✐s♦♥

▼❛r❝❤ ✶✸✱ ✷✵✷✸

❆❜str❛❝t

❚❤❡ ♠❡t❤♦❞s ✐♥ t❤❡ ❧♠❡✹ ♣❛❝❦❛❣❡ ❢♦r ❘ ❢♦r ✜tt✐♥❣ ❧✐♥❡❛r ♠✐①❡❞

♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥ s♣❛rs❡ ♠❛tr✐① ♠❡t❤♦❞s✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❈❤♦❧❡s❦②

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ s♣❛rs❡ ♣♦s✐t✐✈❡✲s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐❝❡s✱ ✐♥ ❛ ♣❡♥❛❧✐③❡❞

❧❡❛st sq✉❛r❡s r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r t❤❡ r❡s♣♦♥s❡

❣✐✈❡♥ t❤❡ r❛♥❞♦♠ ❡✛❡❝ts✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❍❡♥✲

❞❡rs♦♥✬s ♠✐①❡❞✲♠♦❞❡❧ ❡q✉❛t✐♦♥s✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

❝❛❧❝✉❧❛t✐♦♥s ✐s ❛s ❛ ❣❡♥❡r❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡

t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s✱ s❤♦✇ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s

❛♥❞ ❡①♣❧❛✐♥ ✇❤② ✇❡ ❢❡❡❧ t❤❛t t❤❡ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤ ✐s

♠♦r❡ ✈❡rs❛t✐❧❡ ❛♥❞ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t✳

✶ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡ r❛♥❞♦♠ ❡✛❡❝ts ❛r❡ r❡♣r❡s❡♥t❡❞
❜② ❛ q✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦r✱ B✱ ❛♥❞ t❤❡ r❡s♣♦♥s❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥
n✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦r✱ Y ✳ ❲❡ ♦❜s❡r✈❡ ❛ ✈❛❧✉❡✱ y✱ ♦❢ t❤❡ r❡s♣♦♥s❡✳
❚❤❡ r❛♥❞♦♠ ❡✛❡❝ts ❛r❡ ✉♥♦❜s❡r✈❡❞✳

❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ ❛ ✏s♣❤❡r✐❝❛❧✑ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❝♦♥❞✐✲
t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✱ ❣✐✈❡♥ B✳ ❚❤❛t ✐s✱ ✇❡ ❛ss✉♠❡ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ Y |B ✐s s✐♠♣❧② σ2In✱ ✇❤❡r❡ In ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ ♦r❞❡r

✶



n✳ ✭❚❤❡ t❡r♠ ✏s♣❤❡r✐❝❛❧✑ r❡❢❡rs t♦ t❤❡ ❢❛❝t t❤❛t ❝♦♥t♦✉rs ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❞❡♥s✐t② ❛r❡ ❝♦♥❝❡♥tr✐❝ s♣❤❡r❡s✳✮

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥✱ E[Y |B = b]✱ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ b ❛♥❞ t❤❡
p✲❞✐♠❡♥s✐♦♥❛❧ ✜①❡❞✲❡✛❡❝ts ♣❛r❛♠❡t❡r✱ β✱

E[Y |B = b] = Xβ +Zb, ✭✶✮

✇❤❡r❡X ❛♥❞Z ❛r❡ ❦♥♦✇♥ ♠♦❞❡❧ ♠❛tr✐❝❡s ♦❢ s✐③❡s n×p ❛♥❞ n×q✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤✉s

Y |B ∼ N
(
Xβ +Zb, σ2In

)
. ✭✷✮

❚❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ❡✛❡❝ts

B ∼ N
(
0, σ2

Σ(θ)
)

✭✸✮

✐s ❛❧s♦ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧✱ ✇✐t❤ ♠❡❛♥ 0 ❛♥❞ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
σ2
Σ(θ)✳ ❚❤❡ s❝❛❧❛r✱ σ2✱ ✐♥ ✭✸✮ ✐s t❤❡ s❛♠❡ ❛s t❤❡ σ2 ✐♥ ✭✷✮✳ ❆s ❞❡s❝r✐❜❡❞

✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t❤❡ r❡❧❛t✐✈❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ Σ(θ)✱ ✐s ❛ q × q
♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐① ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛r❛♠❡t❡r ✈❡❝t♦r✱ θ✳ ❚②♣✐❝❛❧❧②
t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ θ ✐s ♠✉❝❤✱ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ q✳

✶✳✶ ❱❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ❡✛❡❝ts

❚❤❡ r❡❧❛t✐✈❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ Σ(θ)✱ ♠✉st ❜❡ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✲
✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ✭✐✳❡✳ x′

Σx ≥ 0, ∀x ∈ R
q✮✳ ❇❡❝❛✉s❡ t❤❡ ❡st✐♠❛t❡ ♦❢ ❛ ✈❛r✐✲

❛♥❝❡ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡ ③❡r♦✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❛❧❧♦✇ ❢♦r ❛ s❡♠✐❞❡✜♥✐t❡ Σ✳
❲❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t Σ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✭✐✳❡✳ x′

Σx > 0, ∀x ∈ R
q,x ̸= 0✮

❛♥❞✱ ❤❡♥❝❡✱ ✇❡ ❝❛♥♥♦t ❛ss✉♠❡ t❤❛t Σ−1 ❡①✐sts✳
❆ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐① s✉❝❤ ❛s Σ ❤❛s ❛ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✏▲❉▲′✑ ❢♦r♠✳ ❲❡ ✉s❡ ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❢♦r♠✱

Σ(θ) = T (θ)S(θ)S(θ)T (θ)′, ✭✹✮

✇❤❡r❡ T (θ) ✐s ❛ ✉♥✐t ❧♦✇❡r✲tr✐❛♥❣✉❧❛r q × q ♠❛tr✐① ❛♥❞ S(θ) ✐s ❛ ❞✐❛❣♦♥❛❧
q × q ♠❛tr✐① ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts t❤❛t ❛❝t ❛s s❝❛❧❡ ❢❛❝t♦rs✳
✭❚❤❡② ❛r❡ t❤❡ r❡❧❛t✐✈❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ ❝❡rt❛✐♥ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢
t❤❡ r❛♥❞♦♠ ❡✛❡❝ts✳✮ ❚❤✉s✱ T ✐s ❛ tr✐❛♥❣✉❧❛r ♠❛tr✐① ❛♥❞ S ✐s ❛ s❝❛❧❡ ♠❛tr✐①✳

❇♦t❤ T ❛♥❞ S ❛r❡ ❤✐❣❤❧② ♣❛tt❡r♥❡❞✳

✷



✶✳✷ ❖rt❤♦❣♦♥❛❧ r❛♥❞♦♠ ❡✛❡❝ts

▲❡t ✉s ❞❡✜♥❡ ❛ q✲❞✐♠❡♥s✐♦♥❛❧ r❛♥❞♦♠ ✈❡❝t♦r✱ U ✱ ♦❢ ♦rt❤♦❣♦♥❛❧ r❛♥❞♦♠ ❡✛❡❝ts
✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥

U ∼ N
(
0, σ2Iq

)
✭✺✮

❛♥❞✱ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ θ✱ ❡①♣r❡ss B ❛s ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ U ✱

B = T (θ)S(θ)U . ✭✻✮

◆♦t❡ t❤❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✮ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ B ✐♥ t❤❛t
E[B] = TSE[U ] = 0 ❛♥❞

Var(B) = E[BB′] = TSE[UU ′]ST ′ = σ2TSST ′ = Σ.

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✱ Y |U ✱ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ Y |B ❛s

Y |U ∼ N
(
Xβ +ZTSu, σ2I

)
✭✼✮

❲❡ ✇✐❧❧ ✇r✐t❡ t❤❡ tr❛♥s♣♦s❡ ♦❢ ZTS ❛s A✳ ❇❡❝❛✉s❡ t❤❡ ♠❛tr✐❝❡s T ❛♥❞ S

❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r θ✱ A ✐s ❛❧s♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ θ✱

A′(θ) = ZT (θ)S(θ). ✭✽✮

■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♠❛tr✐① Z ✐s ❞❡r✐✈❡❞ ❢r♦♠ ✐♥❞✐❝❛t♦r ❝♦❧✉♠♥s ♦❢ t❤❡
❧❡✈❡❧s ♦❢ ♦♥❡ ♦r ♠♦r❡ ❢❛❝t♦rs ✐♥ t❤❡ ❞❛t❛ ❛♥❞ ✐s ❛ s♣❛rs❡ ♠❛tr✐①✱ ✐♥ t❤❡ s❡♥s❡
t❤❛t ♠♦st ♦❢ ✐ts ❡❧❡♠❡♥ts ❛r❡ ③❡r♦✳ ❚❤❡ ♠❛tr✐① A ✐s ❛❧s♦ s♣❛rs❡✳ ■♥ ❢❛❝t✱ t❤❡
str✉❝t✉r❡ ♦❢ T ❛♥❞ S ❛r❡ s✉❝❤ t❤❛t ♣❛tt❡r♥ ♦❢ ♥♦♥③❡r♦s ✐♥ A ✐s t❤❛t s❛♠❡ ❛s
t❤❛t ✐♥ Z ′✳

✶✳✸ ❙♣❛rs❡ ♠❛tr✐① ♠❡t❤♦❞s

❚❤❡ r❡❛s♦♥ ❢♦r ❞❡✜♥✐♥❣ A ❛s t❤❡ tr❛♥s♣♦s❡ ♦❢ ❛ ♠♦❞❡❧ ♠❛tr✐① ✐s ❜❡❝❛✉s❡ A

✐s st♦r❡❞ ❛♥❞ ♠❛♥✐♣✉❧❛t❡❞ ❛s ❛ s♣❛rs❡ ♠❛tr✐①✳ ■♥ t❤❡ ❝♦♠♣r❡ss❡❞ ❝♦❧✉♠♥✲
♦r✐❡♥t❡❞ st♦r❛❣❡ ❢♦r♠ t❤❛t ✇❡ ✉s❡ ❢♦r s♣❛rs❡ ♠❛tr✐❝❡s✱ t❤❡r❡ ❛r❡ ❛❞✈❛♥t❛❣❡s t♦
st♦r✐♥❣A ❛s ❛ ♠❛tr✐① ♦❢ n ❝♦❧✉♠♥s ❛♥❞ q r♦✇s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❈❍❖▲▼❖❉
s♣❛rs❡ ♠❛tr✐① ❧✐❜r❛r② ❛❧❧♦✇s ✉s t♦ ❡✈❛❧✉❛t❡ t❤❡ s♣❛rs❡ ❈❤♦❧❡s❦② ❢❛❝t♦r✱ L(θ)✱
❛ s♣❛rs❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① t❤❛t s❛t✐s✜❡s

L(θ)L(θ)′ = P (A(θ)A(θ)′ + Iq)P
′, ✭✾✮

✸



❞✐r❡❝t❧② ❢r♦♠ A(θ)✳
■♥ ✭✾✮ t❤❡ q × q ♠❛tr✐① P ✐s ❛ ✏✜❧❧✲r❡❞✉❝✐♥❣✑ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① ❞❡t❡r✲

♠✐♥❡❞ ❢r♦♠ t❤❡ ♣❛tt❡r♥ ♦❢ ♥♦♥③❡r♦s ✐♥ Z✳ P ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ st❛t✐st✐❝❛❧
t❤❡♦r② ✭✐❢ U ∼ N (0, σ2I) t❤❡♥ P ′U ❛❧s♦ ❤❛s ❛ N (0, σ2I) ❞✐str✐❜✉t✐♦♥ ❜❡✲
❝❛✉s❡ PP ′ = P ′P = I✮ ❜✉t✱ ❜❡❝❛✉s❡ ✐t ❛✛❡❝ts t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥③❡r♦s ✐♥
L✱ ✐t ❝❛♥ ❤❛✈❡ ❛ tr❡♠❡♥❞♦✉s ✐♠♣❛❝t ♦♥ t❤❡ ❛♠♦✉♥t st♦r❛❣❡ r❡q✉✐r❡❞ ❢♦r L

❛♥❞ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❡✈❛❧✉❛t❡ L ❢r♦♠ A✳ ■♥❞❡❡❞✱ ✐t ✐s ♣r❡❝✐s❡❧② ❜❡❝❛✉s❡
L(θ) ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ q✉✐❝❦❧②✱ ❡✈❡♥ ❢♦r ❝♦♠♣❧❡① ♠♦❞❡❧s ❛♣♣❧✐❡❞ t❤❡ ❧❛r❣❡
❞❛t❛ s❡ts✱ t❤❛t t❤❡ ❧♠❡r ❢✉♥❝t✐♦♥ ✐s ❡✛❡❝t✐✈❡ ✐♥ ✜tt✐♥❣ s✉❝❤ ♠♦❞❡❧s✳

✷ ❚❤❡ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤ t♦ ❧✐♥✲

❡❛r ♠✐①❡❞ ♠♦❞❡❧s

●✐✈❡♥ ❛ ✈❛❧✉❡ ♦❢ θ ✇❡ ❢♦r♠ A(θ) ❢r♦♠ ✇❤✐❝❤ ✇❡ ❡✈❛❧✉❛t❡ L(θ)✳ ❲❡ ❝❛♥ t❤❡♥
s♦❧✈❡ ❢♦r t❤❡ q × p ♠❛tr✐①✱ RZX ✱ ✐♥ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

L(θ)RZX = PA(θ)X ✭✶✵✮

❛♥❞ ❢♦r t❤❡ p× p ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✱ RX ✱ s❛t✐s❢②✐♥❣

R′

XRX = X ′X −R′

ZXRZX ✭✶✶✮

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠♦❞❡✱ ũ(θ)✱ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ r❛♥❞♦♠ ❡✛❡❝ts ❛♥❞ t❤❡

❝♦♥❞✐t✐♦♥❛❧ ♠❧❡✱ β̂(θ)✱ ♦❢ t❤❡ ✜①❡❞✲❡✛❡❝ts ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ s✐✲
♠✉❧t❛♥❡♦✉s❧② ❛s t❤❡ s♦❧✉t✐♦♥s t♦ ❛ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠✱

[
ũ(θ)

β̂(θ)

]
= argmin

u,β

∥∥∥∥
[
y

0

]
−

[
A′P ′ X

Iq 0

] [
u

β

]
,

∥∥∥∥
2

✭✶✷✮

❢♦r ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s
[
P (AA′ + I)P ′ PAX

X ′A′P ′ X ′X

] [
ũ(θ)

β̂(θ)

]
=

[
PAy

X ′y

]
. ✭✶✸✮

❚❤❡ ❈❤♦❧❡s❦② ❢❛❝t♦r ♦❢ t❤❡ s②st❡♠ ♠❛tr✐① ❢♦r t❤❡ P▲❙ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❡①✲
♣r❡ss❡❞ ✉s✐♥❣ L✱ RZX ❛♥❞ RX ✱ ❜❡❝❛✉s❡

[
P (AA′ + I)P ′ PAX

X ′A′P ′ X ′X

]
=

[
L 0

R′

ZX R′

X

] [
L′ RZX

0 RX

]
. ✭✶✹✮

✹



■♥ t❤❡ ❧♠❡✹ ♣❛❝❦❛❣❡ t❤❡ ✧♠❡r✧ ❝❧❛ss ✐s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♠✐①❡❞✲❡✛❡❝ts
♠♦❞❡❧✳ ❙❡✈❡r❛❧ s❧♦ts ✐♥ t❤✐s ❝❧❛ss ❛r❡ ♠❛tr✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐r❡❝t❧② t♦ t❤❡
♠❛tr✐❝❡s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❆ s❧♦t ❝♦♥t❛✐♥s t❤❡ s♣❛rs❡ ♠❛tr✐①
A(θ) ❛♥❞ t❤❡ ▲ s❧♦t ❝♦♥t❛✐♥s t❤❡ s♣❛rs❡ ❈❤♦❧❡s❦② ❢❛❝t♦r✱ L(θ)✳ ❚❤❡ ❘❩❳ ❛♥❞
❘❳ s❧♦ts ❝♦♥t❛✐♥ RZX(θ) ❛♥❞ RX(θ)✱ r❡s♣❡❝t✐✈❡❧②✱ st♦r❡❞ ❛s ❞❡♥s❡ ♠❛tr✐❝❡s✳

■t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ s♦❧✈❡ ❢♦r ũ(θ) ❛♥❞ β̂(θ) t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦✜❧❡❞

❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱ ✇❤✐❝❤ ✐s t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❡✈❛❧✉❛t❡❞ θ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
❡st✐♠❛t❡s ♦❢ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs✱ β̂(θ) ❛♥❞ σ̂2(θ)✳ ❆❧❧ t❤❛t ✐s ♥❡❡❞❡❞ ❢♦r
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦✜❧❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐s t❤❡ ✭♣❡♥❛❧✐③❡❞✮ r❡s✐❞✉❛❧ s✉♠ ♦❢
sq✉❛r❡s✱ r2✱ ❢r♦♠ t❤❡ ♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠ ✭✶✷✮ ❛♥❞ t❤❡ ❞❡t❡r♠✐✲
♥❛♥t |AA′ + I| = |L|2✳ ❇❡❝❛✉s❡ L ✐s tr✐❛♥❣✉❧❛r✱ ✐ts ❞❡t❡r♠✐♥❛♥t ✐s ❡❛s✐❧②
❡✈❛❧✉❛t❡❞ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ ✐ts ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱ |L|2 > 0 ❜❡✲
❝❛✉s❡ ✐t ✐s ❡q✉❛❧ t♦ |AA′+ I|✱ ✇❤✐❝❤ ✐s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡
♠❛tr✐①✳ ❚❤✉s log(|L|2) ✐s ❜♦t❤ ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ L✳

❚❤❡ ♣r♦✜❧❡❞ ❞❡✈✐❛♥❝❡ ✭♥❡❣❛t✐✈❡ t✇✐❝❡ t❤❡ ♣r♦✜❧❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✮✱ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ θ ♦♥❧② ✭β ❛♥❞ σ2 ❛t t❤❡✐r ❝♦♥❞✐t✐♦♥❛❧ ❡st✐♠❛t❡s✮✱ ✐s

d(θ|y) = log(|L|2) + n

(
1 + log(r2) +

2π

n

)
✭✶✺✮

❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡s✱ θ̂✱ s❛t✐s❢②

θ̂ = argmin
θ

d(θ|y) ✭✶✻✮

❖♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ θ̂ ❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞✱ t❤❡ ♠❧❡ ♦❢ β ✐s ❡✈❛❧✉❛t❡❞ ❢r♦♠ ✭✶✸✮

❛♥❞ t❤❡ ♠❧❡ ♦❢ σ2 ❛s σ̂2(θ) = r2/n✳
◆♦t❡ t❤❛t ♥♦t❤✐♥❣ ❤❛s ❜❡❡♥ s❛✐❞ ❛❜♦✉t t❤❡ ❢♦r♠ ♦❢ t❤❡ s♣❛rs❡ ♠♦❞❡❧

♠❛tr✐①✱ Z✱ ♦t❤❡r t❤❛♥ t❤❡ ❢❛❝t t❤❛t ✐t ✐s s♣❛rs❡✳ ■♥ ❝♦♥tr❛st t♦ ♦t❤❡r ♠❡t❤♦❞s
❢♦r ❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s✱ t❤❡s❡ r❡s✉❧ts ❛♣♣❧② t♦ ♠♦❞❡❧s ✇❤❡r❡ Z ✐s ❞❡r✐✈❡❞
❢r♦♠ ❝r♦ss❡❞ ♦r ♣❛rt✐❛❧❧② ❝r♦ss❡❞ ❣r♦✉♣✐♥❣ ❢❛❝t♦rs✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ♠♦❞❡❧s ✇✐t❤
♠✉❧t✐♣❧❡✱ ♥❡st❡❞ ❣r♦✉♣✐♥❣ ❢❛❝t♦rs✳

❚❤❡ s②st❡♠ ✭✶✸✮ ✐s s✐♠✐❧❛r t♦ ❍❡♥❞❡rs♦♥✬s ✏♠✐①❡❞✲♠♦❞❡❧ ❡q✉❛t✐♦♥s✑ ✭r❡❢❡r✲
❡♥❝❡❄✮✳ ❖♥❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✭✶✸✮ ❛♥❞ ❍❡♥❞❡rs♦♥✬s ❢♦r♠✉❧❛t✐♦♥
✐s t❤❛t ❍❡♥❞❡rs♦♥ r❡♣r❡s❡♥t❡❞ ❤✐s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ Σ−1 ❛♥❞✱
✐♥ ✐♠♣♦rt❛♥t ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡s✱ Σ−1 ❞♦❡s ♥♦t ❡①✐st ❛t t❤❡ ♣❛r❛♠❡t❡r ❡st✐✲
♠❛t❡s✳ ❆❧s♦✱ ❍❡♥❞❡rs♦♥ ❛ss✉♠❡❞ t❤❛t ❡q✉❛t✐♦♥s ❧✐❦❡ ✭✶✸✮ ✇♦✉❧❞ ♥❡❡❞ t♦ ❜❡
s♦❧✈❡❞ ❡①♣❧✐❝✐t❧② ❛♥❞✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥✱ ♦♥❧② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s②st❡♠
♠❛tr✐① ✐s ♥❡❡❞❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r♦✜❧❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✳ ❚❤❡ s❛♠❡ ✐s

✺



tr✉❡ ♦❢ t❤❡ ♣r♦✜❧❡❞ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❘❊▼▲ ❝r✐t❡r✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡
❧❛t❡r✳

✸ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s ❛♣♣r♦❛❝❤ t♦ ❧✐♥✲

❡❛r ♠✐①❡❞ ♠♦❞❡❧s

❆♥♦t❤❡r ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ t♦ ❧✐♥❡❛r ♠✐①❡❞ ♠♦❞❡❧s ✐s t♦ ❞❡r✐✈❡ t❤❡ ♠❛r❣✐♥❛❧
✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ Y ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ θ ❛♥❞ ✉s❡ t❤❛t t♦ ❞❡t❡r♠✐♥❡
t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡st✐♠❛t❡s✱ β̂(θ)✱ ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❣❡♥❡r❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s
✭●▲❙✮ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ➓✶ t❤❡ ♠❛r❣✐♥❛❧ ♠❡❛♥ ♦❢ Y ✐s E[Y ] = Xβ

❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s

Var(Y) = σ2 (In +ZTSST ′Z ′) = σ2 (In +A′A) = σ2V (θ), ✭✶✼✮

✇❤❡r❡ V (θ) = In +A′A✳
❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡st✐♠❛t❡s ♦❢ β ❛r❡ ♦❢t❡♥ ✇r✐tt❡♥ ❛s

β̂(θ) =
(
X ′V −1X

)
−1

X ′V −1y ✭✶✽✮

❜✉t✱ ♦❢ ❝♦✉rs❡✱ t❤✐s ❢♦r♠✉❧❛ ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ ♠❛tr✐① V (θ)
✐s ❛ s②♠♠❡tr✐❝ n×n ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ❛♥❞ ❤❡♥❝❡ ❤❛s ❛ ❈❤♦❧❡s❦② ❢❛❝t♦r✳
❍♦✇❡✈❡r✱ t❤✐s ❢❛❝t♦r ✐s n × n✱ ♥♦t q × q✱ ❛♥❞ n ✐s ❛❧✇❛②s ❧❛r❣❡r t❤❛♥ q ✖
s♦♠❡t✐♠❡s ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r✳ ❇❧✐t❤❡❧② ✇r✐t✐♥❣ ❛ ❢♦r♠✉❧❛ ✐♥ t❡r♠s ♦❢
V −1 ✇❤❡♥ V ✐s n×n✱ ❛♥❞ n ❝❛♥ ❜❡ ✐♥ t❤❡ ♠✐❧❧✐♦♥s ❞♦❡s ♥♦t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧
❢♦r♠✉❧❛ ♠❛❦❡✳

✸✳✶ ❘❡❧❛t✐♥❣ t❤❡ ●▲❙ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❈❤♦❧❡s❦② ❢❛❝t♦r

❲❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t

V −1(θ) = (In +A′A)
−1

= In −A′ (Iq +AA′)
−1

A ✭✶✾✮

t♦ r❡❧❛t❡ t❤❡ ●▲❙ ♣r♦❜❧❡♠ t♦ t❤❡ P▲❙ ♣r♦❜❧❡♠✳ ❖♥❡ ✇❛② t♦ ❡st❛❜❧✐s❤ ✭✶✾✮
✐s s✐♠♣❧② t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❞✉❝t

(I +A′A)
(
I −A′ (I +AA′)

−1
A
)

=I +A′A−A′ (I +AA′) (I +AA′)
−1

A

=I +A′A−A′A

=I.

✻



■♥❝♦r♣♦r❛t✐♥❣ t❤❡ ♣❡r♠✉t❛t✐♦♥ ♠❛tr✐① P ✇❡ ❤❛✈❡

V −1(θ) =In −A′P ′P (Iq +AA′)
−1

P ′PA

=In −A′P ′(LL′)−1PA

=In −
(
L−1PA

)
′

L−1PA.

✭✷✵✮

❊✈❡♥ ✐♥ t❤✐s ❢♦r♠ ✇❡ ✇♦✉❧❞ ♥♦t ✇❛♥t t♦ r♦✉t✐♥❡❧② ❡✈❛❧✉❛t❡ V −1✳ ❍♦✇❡✈❡r✱
✭✷✵✮ ❞♦❡s ❛❧❧♦✇ ✉s t♦ s✐♠♣❧✐❢② ♠❛♥② ❝♦♠♠♦♥ ❡①♣r❡ss✐♦♥s✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t♦r β̂✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥
θ ❛♥❞ σ✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

σ2
(
X ′V −1(θ)X

)
−1

=σ2

(
X ′X −

(
L−1PAX

)
′
(
L−1PAX

))−1

=σ2 (X ′X −R′

ZXRZX)
−1

=σ2 (R′

XRX)
−1

.

✭✷✶✮

✹ ❚r❛❝❡ ♦❢ t❤❡ ✏❤❛t✑ ♠❛tr✐①

❆♥♦t❤❡r ❝❛❧❝✉❧❛t✐♦♥ t❤❛t ✐s ♦❢ ✐♥t❡r❡st t♦ s♦♠❡ ✐s t❤❡ t❤❡ tr❛❝❡ ♦❢ t❤❡ ✏❤❛t✑
♠❛tr✐①✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

tr

(
[
A′ X

]([A′ X

I 0

]
′
[
A′ X

I 0

])−1 [
A

X ′

])

= tr

(
[
A′ X

]([ L 0

R′

ZX R′

X

] [
L′ RZX

0 RX

])
−1 [

A

X ′

])
✭✷✷✮

✼


